Using a weak limit for the hopping integral in one direction in the Hofstadter model, we show that the fermion states in the gaps of the spectrum are determined within the Kitaev chain. The proposed approach allows us to study the behavior of Chern insulators (CI) in different classes of symmetry. We consider the Hofstadter model on the square and honeycomb lattices in the case of rational and irrational magnetic fluxes φ, and discuss the behavior of the Hall conductance at a weak magnetic field in a sample of finite size. We show that in the semiclassical limit at the center of the fermion spectrum, the Bloch states of fermions turn into chiral Majorana fermion liquid when the magnetic scale 1 φ is equal to the sample size N. We are talking about the dielectric-metal phase transition, which is determined by the behavior of the Landau levels in 2D fermion systems in a transverse magnetic field. When a magnetic scale, which determines the wave function of fermions, exceeds the size of the sample, a jump in the longitudinal conductance occurs. The wave function describes non-localized states of fermions, the sample becomes a conductor, the system changes from the dielectric state to the metallic one. It is shown, that at 1/φ >N the quantum Hall effect and the Landau levels are not realized, which makes possibility to study the behavior of CI in irrational magnetic fluxes.
INTRODUCTION
The Harper-Hofstadter Hamiltonian [1, 2] gives possibility to investigate the behavior of the Chern systems both in rational and irrational magnetic fluxes through the unit cell φ. In the Hofstadter model in the semiclassical limit, the edges of the spectrum have the structure of the Landau levels [3] . The quantum Hall effect is a clear demonstration of topological states in the physics of condensed matter [4] [5] [6] . The quantum Hall effect is realized in semiclassical limit, with a large magnetic scale q, that determines splitting of a Bloch band into a fine structure of the spectrum with q-topological subbands (q ∼ 10 4 for the case of experimentally realizable magnetic fields). The value of q inverse proportional to a magnetic field, therefore larger q correspond to weak magnetic fields. In [7] the quantum Hall effect is studied numerically in the presence of correlated disorders at weak magnetic field. How the energy levels in 2D lattice fermion systems evolve with the magnetic field is one of the tasks that is solved in this paper.
A non-trivial topology of the ground state provides the quantization of the Hall conductance, which can be interpreted as the Chern number. In the case of a rational magnetic flux, a topological state of the HarperHofstadter Hamiltonian is characterized by the Chern numbers and chiral edge gapless modes, realized the CI state [8] [9] [10] [11] . Filled r-bands with the Chern numbers C α yield a Hall conductance σ xy = (e 2 /h)C r , C r = r α=1 C α . In the case of an irrational magnetic flux, the Bloch states of the fermions and the Brillouin zone are not defined and the Chern number as the topological order of the 2D fermion system is also not defined. It difficult to calculate the topological numbers using the system-dependent approach based on successive rational approximants of the irrational flux [12, 13] . The spectral structures of the Fibonacci quasicrystals can be used to study the Bloch states and the spectrum of fermions in a magnetic field, and the gaps in these structures can be labeled with topological numbers. The state of the system in an irrational flux is result of its evaluation using the rational approximation of the magnetic flux by the Fibonacci quasicrystals [14, 15] .
We study topological properties of the energy spectra of the 1D quasiperiodic systems, describing also Bloch fermions in magnetic field. At a rational flux, when the regime of strong periodic potential is realized, a topological trivial band splits into magnetic subbands. In semiclassical limit these subbands form the Landau levels. The aim of this article is to answer the question of how irrational magnetic fluxes manifest themselves in the quantum Hall effect. We show that the behavior of the fermion system is determined by its topology. It turns out that the transition from rational to irrational fluxes, when the magnetic scale q is larger than the linear size of the sample N, leads to a rearrangement of the fermion spectrum. At q >N the Landau levels transform to dispersion ones, insulator state is not realized, at q N free fermion states are realized. In the semiclassical limit, irrational fluxes "kill" the quantum Hall effect, so for a given sample (with its characteristic size), there is a minimal value of a magnetic field, which limits the realization of the quantum Hall effect.
THE MODEL
We will analyze a model of 2D CI in a transverse magnetic field determined in the framework of the Harper- 
where a † j and a j are the Fermi operators determined on a site j = {x j , y j }. The Hamiltonian (1) takes into account the hoppings of spinless fermions located at the nearest -neighbor lattice sites with different hopping amplitudes t x (j) = t (along the x-links), t y (j) = exp[2πi(x j − 1)φ] (along the y-links) in a square lattice, t
in an alternative square lattice, and t x (j) = t, t y (j) = t z (j) = exp[iπ(x j − 1)φ] in a honeycomb lattice with x,y,z-links. A magnetic flux through a unit cell φ = H Φ0 is determined in the quantum flux unit Φ 0 = h/e, a homogeneous magnetic field H is defined by the vector potential A = Hxe. The x-links determine coupling between y-chains in the square lattices and the zig-zag ξ-chains in a honeycomb lattice, the vector potential is directed along e y or e ξ = { Let us consider the q-subbans, splitting from one Bloch band for a rational flux φ = p q , where p and q are coprime integers. In the case q > 2 the magnetic field breaks a time reversal symmetry, leads to the CI state [8] [9] [10] [11] . In the regime of strong periodic potential a topological trivial Bloch band splits into q-magnetic subbands with nontrivial topological index C α (α is the index of a subband in a fine structure of the spectrum). Two systems that correspond to weak (t → 0) and strong (t = 1) coupling limits of the Hamiltonian (1) with an arbitrary magnetic scale can be continuously deformed into each other, the topological numbers during deformation will not change. The topological numbers of subbands in the fine structure of the spectrum depend on the value of the magnetic flux φ and in a wide range of values do not depend on t. Numerical calculations shown that the Chern numbers do not depend on the bandwidths forming the fermion spectrum when the hopping integral t varies over a wide range [16, 17] . In the CI state the excitation spectrum of the sample in a stripe geometry includes the chiral gapless edge modes. The phase state of fermions is characterized by a chiral current along the boundary of the 2D system. We focus our attention on the weak coupling limit, in this case fermions propagate along the y-chains, weak tunneling between them. The energies of fermions in the nearest chains are shifted by 2πφ, due to the tunneling of fermions, the gaps open at the energy crossing points. The gaps in the fermion spectrum are determined by the values of the effective hopping integrals for fermions of different chains for which the conservation of energy and momentum is realized at the chemical potential in the CI state. We consider the fermion states that are realized in the gaps [17, 18] at the energies s = ±2 cos k s in the t → 0 limit at k s , here k s = sπφ, s = 1, ...q, where k is the wave vector along the y-direction. In this case, it is possible not to take into account the states of bulk fermions. According to numerical calculations, the values of the gaps are ∆( ) = ζt δ + 0(t δ+1 ), where δ is the distance between the chains between which the fermions tunnel, ζ changes in the interval [2, 1] . Due to the conservation of energy and momentum, only two states of fermions of the y −n-chain with momenta k n = k 0 (n−1)±k s and energies s (where k 0 = 2π q ), tunnel between the chains (see in Fig.1a) ). These states of fermions are determined by the Fermi operators a † (k n ) ⇒ a † n , a(k n ) ⇒ a n , here n nu- The fermion spectrum containing Landau-levels and chiral edge modes calculated on a square lattice at t = 1 and N=400 and different q: q = 100 a), and low energy spectra at q = 200 b) and q=400 c). The Bloch (the quasi-Landau levels) and chiral Majorana fermion states are marked by black and red arrows, respectively b), the spectrum corresponding to the chiral Majorana fermion liquid c).
merates the y-chain along the x-direction (see in Fig.1a) ).
Tunneling of fermions can be described by the low-energy
, where τ (δ) is the effective hopping integral between fermions located at the sites on the distance δ, n defines a lattice site along the x-direction or the number of the y-chain. Using the operators χ n = a n +a † n and γ n = an−a † n i , we redefine the Hamiltonian as i
n=1 (χ n γ n+δ −γ n χ n+δ ). The Majorana operators γ n are defined by a Clifford algebra {γ n , γ m } = 2δ n,m and γ n = γ † n . We must take into account that the conservation laws allow only hoppings of fermions between different chains with different velocities (for different signs of k s ) and with a given sequence of changes in the chirality of the movement of fermions along the x-chain (left-right, right-left,... for s and rightleft, left-right,... for − s ). The effective Hamiltonian, which takes into account the low energy excitations of Majorana fermions in the gap near the energy ε, has the following form [17] [18] [19] 
where τ (δ) = ζt δ , the magnitude of ζ is of the order of one, changes from 2 to 1 with increasing q.
The total Hamiltonian H( ) + H(− ) does not break the U (1) symmetry of the Hamiltonian (1). According to Kitaev [20] at given energy the Hamiltonian (2) describes the chain of isolated dimers of pairing Majorana fermions with the energy ± τ (δ) 2
and two free zero energy Majorana fermions localized at the boundaries. The value of the gap is equal to τ (δ). At given energies ± 2δ gapless edge modes with different chirality are localized at the boundaries, they determine the Hall conductance with the Chern number C( F ) = ±δ (here F is the Fermi energy). At = 0 the Hamiltonians (2) define gapless fermion states in the center of the spectrum. The Chern number C r corresponds to the total number of edges modes localized at a boundary, when the Fermi energy lies in the r-th gap from the bottom.
We consider the semiclassical limit p = 1, q → ∞, that corresponds to experimentally realizable magnetic field, such for a lattice constant a = 3Å q = 4.6 · 10 8 /H(gauss) or q = 4.6 · 10 6 for H = 10 2 gauss and q = 4.6 · 10 5 for H = 10 3 gauss. At t = 1 the edges of the spectrum are characterized by the Landau levels n = 4πφ(n+1/2) (see in Fig.2a) ). In a weak t-limit the spectrum is discrete with the gaps at n = (nπφ) 2 , here n numerates the energy levels and determines the Chern number |C n | = n of the n-filled subbands with the Hall conductance σ xy = e 2 h n. The maximal value of the Chern number C max = q−1 2 (for odd q) or C max = q 2 − 1 (for even q) is realized near the center of the spectrum for the lowest energy gap. The edge modes localized at the boundaries occupy a region of size (q-1) or (q-2) (see in Fig.1b) large value of the Chern number at q=N. We have illustrated said above in Figs 2b),c), where calculations of the low energy spectrum are shown at N=400, q = 200 and q = 400. At q = 200 the Bloch states (that determine the Landau levels in the semiclassical limit) co-exist with the chiral Majorana fermion states, see in Fig. 2b ), at q = 400 c) only chiral Majorana states are realized, they are localized along the x-direction and phase separated, see in Fig. 2c ). This phase transition is characterized by certain conductance properties in 2D samples i.e. the vanishing of the longitudinal conductance σ xx = 0 and the bulk Hall conductance σ xy N e 2 2h . The case q >N, when a magnetic scale is large than the sample size, actually corresponds to the realization of an irrational magnetic flux.
An irrational flux
We consider an evolution of the chiral Majorana fermion liquid state in the Hofstadter model with an irrational flux. In this case, the chiral gapless edge modes determine the topological properties of both the spectrum and the Hall conductance. The magnetic scale q, defined by φ, must be greater than N, in this case the irrational flux is determined to within 1 N . The transition from rational to irrational magnetic fluxes is determined by the ratio κ = q N ; κ < 1, κ > 1 correspond to rational, irrational fluxes, and κ = 1 corresponds to the transition from one to another. The point κ = 1 can be considered as a phase transition point, since the symmetry of the spectrum changes. As can be seen from Figs 2,4, at an irrational magnetic flux the inversion of the fermion spectrum (depending on k y ) is broken. For H → 0 κ → ∞; therefore, for κ = [1, ∞], the states near a center of the spectrum evolve from the chiral Majorana fermion liquid state to free fermions.
For illustration of forming of the fermion spectrum for q >N we consider the case t = 0 (see in Fig.3 with Fig.2a) ). In contrast to a rational flux, the insulator phase is not realized due to the dispersion of the levels. In the center of the spectrum, the gaps are not open, only the singularities of the fermion states occur with wave vectors corresponding to energy intersections. Such the lowest energy intersection is realized at one value of the wave vector (see in Fig.4a) ). At q > 10N the region of gap spectrum near the edges of the spectrum is small, the fermion states are the Bloch states with the spectrum of free fermions. The Landau levels near the edges of the spectrum at q ≤N become the dispersion levels for q > N, while the low-energy states, such as the chiral Majorana fluid, are transformed into free fermion states at q N.
An alternative square lattice. A rational flux
The fermion spectrum of an alternative square lattice (k) = ±2 cos 2 k x + cos 2 k y describes a gapless state with four Dirac points at {± π 2 , ± π 2 } (see in Fig. 5a) ). In the semiclassical approximation with rational values of q, the spectrum of spinless fermions includes levels and chiral edge modes localized at the boundaries (see in Fig.  5b) ). At half-filling the gapless state is realized for arbitrary rational q. The spectrum is topological symmetric with respect to zero energy, since |C(
The spectrum of spinless fermions around the edges of the band has the structure of the Landau levels (see in in a honeycomb lattice [3] , for comparison). In the t → 0 limit the energy of the gaps are equal to n = 2−(2πnφ) 2 . The modulus of the Chern number for n-filled subbands near the edges of the spectrum (n counts the subbands from the edges of the band) is equal to |C n | = 2n. The energies of the levels near the zero energy or half-filling have another energy scale. At t = 1 the spectrum is approximated as n = ±4 πφ(n + 1 2 ) with doubled ω (the coefficient at order √ 2πφ), ω = 3 1/4 in a honeycomb lattice [3] . In the t → 0 limit the gaps in the spectrum open at n = 2πφ(2n+1), where n numbers the subbands from the center of the spectrum. The modulus of the Chern number for the n-filled or empty subbands (for the fermion states near the center of the band) is equal to |C n | = 2n + 1. 
A HONEYCOMB LATTICE
The spectrum of graphene is characterized by two Dirac points, which determine the behavior of graphene. In graphene the distance between the Landau levels is very large compared to the Zeeman splitting [21] , so in the Hamiltonian (1) this term is not taken into account. In this case the the Hamiltonian (1) describes degenerated states of electrons with different spin in an external magnetic field, the model reduces to spinless fermions. In the Kitaev model [22] , the low energy excitations of which are described in the frame of the tight-binding model (1) with anisotropic hopping integrals at H = 0, the ground state is unstable in gapless phase at half-filling. The Zeeman splitting opens the gap in the spectrum, stabilizes the topological state [22] . In graphene (with isotropic hopping integrals in (1)) the ground state is also unstable in the weak magnetic field limit, an arbitrary small magnetic field opens the gap in the center of the spectrum [23] . The topological state with zero energy Majorana fermion states and zero Chern number is realized in magnetic field at half-filling.
The topological structure of the spectrum can be calcu-lated in a weak coupling limit with respect to t in a manner analogous to that of a square lattice. In this case, the edge modes are described by the Hamiltonian (2) and the Chern number is determined by the corresponding value of δ. For a rational flux φ in the t → 0 limit, the energies of fermions in the chains are shifted by πφ and intersect at the points k s = πsφ, ε s = ±2 cos( πsφ 2 ), ε s = ±2 sin( πsφ 2 ), here s = 1, ..., q. The set k s , ε s = 0 determines the gaps in the fermion spectrum for given rational flux φ. In semiclassical limit the maximal values of δ and the Chern number, equal to q 2 , are realized at quoter (or three quarters) filling. With these fillings in the case q =N the chiral Majorana fermion liquid is realized on a honeycomb lattice (see in Fig.6a) ). The Landau and Dirac levels are dispersionless ones. Numerical calculations of the fermion spectrum are shown in Fig.5 , for arbitrary magnetic flux, the spectrum is a mirror symmetric (including to edge states). At point κ = 1 the inversion symmetry of the spectrum is broken, the Landau and Dirac levels transform to dispersion levels in the case of an irrational magnetic flux (see in Fig.6b ) at κ = 2.047). The insulator state is not realized and, as result, the quantum Hall effect disappears.
CONCLUSION
In the frame of conclusion, let us consider the experimental realization of irrational magnetic fluxes in the Chern system. The sample of a stripe geometry is determined by the width of the stripe Na. The magnetic scale q is inversely proportional to the amplitude of the magnetic field H, qa = 0.14cm at H = 10 2 gauss, qa = 0.014cm at H = 10 3 gauss. We have shown that at an irrational magnetic flux with q >N, the quantum Hall effect is not realized. The minimum value of the magnetic field at which the quantum Hall effect is realized, is determined by the sample size, namely, q = N. For Na<0.14 cm (Na<0.014 cm) the quantum Hall effect is realized at H > 10 2 gauss (H > 10 3 gauss). The measurement of the Hall conductance in the magnetic field in samples of small sizes makes it possible to establish the behavior of CI under irrational magnetic fluxes. Considering square and honeycomb lattices, we have shown that the nature of the quantum Hall effect does not depend on the crystal symmetry of the 2D system, it is universal in this sense.
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